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AESTRACT 
Calculations of charged pa r t i c l e  motions are  car r ied  out 
i n  a model of the e a r t h ' s  magnetosphere which includes both a 
magnetic f i e l d  and an e l e c t r i c  f i e l d .  
ana ly t i ca l  approximation of the r e a l  f i e ld ,  based on extensive 
The magnetic f i e l d  i s  an 
s a t e l l i t e  measurements, while t he  e l e c t r i c  f i e l d  i s  deduced i n  the 
ionosphere *om ionospheric current system and mapped throughout 
t he  magnetosphere by assuming tha t  the magnetic f i e l d  l i n e s  are 
equipotentials.  Using t h i s  model t he  motions of charged pa r t i c l e s  
a r e  calculated by assuming t h a t  the f i r s t  two adkbatic invariants ,  
p and J, and the t o t a l  energy K a r e  a l l  conserved. 
fluxes are  then calculated by invoking Liouvi l le ' s  theorem. 
v 
Par t i c l e  
The computations a re  done numerically on the University of 
Iowa, IBM 704.4 computer and the  r e s u l t s  obtained f o r  outer zone 
electrons a r e  found t o  be i n  agreement with experimental measure- 
ments of the Injun 3 s a t e l l i t e .  
Predictions of a s  yet unmeasured quant i t ies  are  presented 
for  comparison with fu ture  experiments. 
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I. INTROlXTCTION 
Many geophysical phenomena such as auroras, magnetic storms, 
and the rad ia t ion  b e l t s  can be more s a t i s f a c t o r i l y  understood i f  
it i s  known how charged pa r t i c l e s  move i n  the e l e c t r i c  and magnetic 
f i e l d s  which cons t i tu te  the magnetosphere. The determination of 
t h i s  motion involves two d i s t i n c t  parts:  (1) the magnetospheric 
f i e l d s  must be determined, and (2) 
pa r t i c l e s  calculated.  
the motion of the magnetospheric 
The geomagnetic f i e l d  has now been measured extensively by 
Explorers 10, 2, 14, and 18 and i s  r e l a t i v e l y  wel l  known [Heppner 
e t  a l . ,  1963; Cahil l  and Amazeen, 1963; Freeman e t  a l . ,  1963; 
Freeman, 1964.; Cahill ,  1964.; Ness e t  a l . ,  1964; Ness, 19651. It 
i s  confined by the so l a r  wind t o  a cavi ty  with a wel l  defined 
boundary on the sunward s ide and is  drawn out i n to  a magnetic t a i l  
on the a n t i  sunward s ide.  
covered a th in  neut ra l  sheet near i t s  center i n  which the magnetic 
f i e l d  undergoes a sharp reversal  of direct ion.  The d i s to r t ion  of 
the magnetic f i e l d  caused by t h i s  current sheet has important 
e f f e c t s  on the  motion of charged p a r t i c l e s .  
I n  the t a i l  Explorer 18 (Imp 1) dis- 
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Theoretical calculations of the e f f e c t  of t he  solar wind 
on the  e a r t h ' s  magnetic f i e l d  have been presented by many authors 
[Spre i te r  and Briggs, 1962; Midgley and Davis, 1963; Mead and 
Beard, 1964; Mead, 1964; Axford e t  a l . ,  19641. 
a re  i n  general agreement both with each other and w i t h  experi- 
mental measurements. They provide a su i tab le  basis  f o r  extra- 
polat ing t h e  measurements t o  regions of the  magnetosphere not ye t  
traversed by s a t e l l i t e s .  
These calculations 
The magnetospheric e l ec t r i c  f i e l d  i s  not w e l l  known. It 
has not been d i r ec t ly  measured, and indeed i t s  d i r ec t  measurement 
presents d i f f i c u l t  experimental problems. The e l e c t r i c  f i e l d  used 
i n  t h i s  model was  deduced f rom the  ionospheric current system 
which, i n  turn,  were deduced from magnetic disturbances observed 
a t  the ea r th  ( spec i f ica l ly  f rom magnetic bay a c t i v i t y ) .  
many d i f f i c u l t i e s  with t h i s  technique, although there  do not appear 
t o  be any su i tab le  a l te rna t ives .  
There a re  
A primary d i f f i c u l t y  is the  uncertainty i n  the  current 
system i t s e l f .  It has not been determined unequivocally, even i n  
a long time average, and i s  quite variable from day t o  day and 
hour t o  hour. 
which e x i s t  i n  t he  nllm.eri~&~ n l w s  sf the  ionospheric conductivit ies.  
A second d i f f i c u l t y  a r i s e s  from the uncertaint ies  
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Although they a re  f a i r l y  w e l l  known for  low l a t i t udes  and normal 
conditions, they a re  expected t o  be qui te  d i f f e ren t  i n  the  auroral  
zone where abnormally high ionization can be caused by the  bombard- 
ment of auroral  pa r t i c l e s .  Because the  inf lux of these energetic 
particles i s  known t o  vary great ly  i n  t i m e ,  both the  temperature 
and e lec t ron  density a re  expected t o  be highly var iable .  
t h a t  the ionospheric conductivies w i l l  a l so  be highly var iable  
i n  the  aurora l  zone. 
these conductivity changes rather  than changes i n  the e l e c t r i c  f i e l d  
produce the  large temporal variations observed i n  the currents.  
A f ina l  uncertainty i n  the  magnetospheric e l e c t r i c  f i e l d  
This implies 
I n  f ac t  it seems reasonable t o  speculate t h a t  
i s  the assumption t h a t  t h e  component of ?, p a r a l l e l  t o  t he  magnetic 
f i e l d  l i n e s ,  E , i s  negligible compared t o  the  component perpendi- 
cular  t o  them. It has been shown by Bernstein e t  a l .  [19571 t h a t  
equilibrium plasma dis t r ibut ions i n  which E i s  not zero can ex i s t .  
The s t a b i l i t y  of these dis t r ibut ions has not been demonstrated, and 
they have not been observed in  laboratory plasmas. I n  t h i s  work 
t h e  assumption that E = 0 i s  made without fur ther  j u s t i f i ca t ion .  
The model f i e l d s  which D r .  Hones and t h i s  author worked out 
11 
11 
a re  reper ted i n  an e a r l i e r  paper [Taylor and K m s s ,  19651. 
incorporate the known features of t he  magnetic f i e l d  and the  "best" 
They 
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assumption fo r  the  e l e c t r i c  f i e l d s .  
magnetosphere, it i s  possible t o  calculate  the motion of charged 
pa r t i c l e s .  
Using t h i s  model of the 
To carry out such calculations and t o  attempt t o  explain 
experimental measurements of t h e  radiat ion b e l t s ,  it i s  convenient 
t o  assume t h a t  the p a r t i c l e  motion i s  adiabat ic .  
appears t o  be reasonable f o r  p a r t i c l e s  with energies between - 1 
and 500 keV throughout the magnetosphere except on f i e l d  l i nes  
which come within a few gyro r a d i i  of the  magnetospheric surface 
and on f i e l d  l i nes  which penetrate the neut ra l  sheet i n  the 
magnetospheric t a i l  i n  regions where the thickness of t h i s  sheet 
i s  not several  orders of magnitude greater  than the p a r t i c l e  
gyro radius .  I n  the radiat ion b e l t s  the  f i e l d  l i n e s  a re  smooth 
enough f o r  adibat ic  theory t o  be va l id .  
This assumption 
Inves t iga t ims  similar t o  t h i s  one have been car r ied  out 
previously [Hones, 1963; Maeda, 1964.; Williams and Mead, 19651 
but a l l  a re  def ic ient  i n  one or  more of the  important ingredients 
of the model used i n  t h i s  work. The calculat ions by Hones and 
those by W i l l i a m s  and Mead d id  not include an e l e c t r i c  f i e l d .  
If the e l e c t r i c  f i e l d  i s  neglected, a l l  pa r t i c l e s  having a given 
s e t  of adiabat ic  invariants  w i l l  follow the  same paths regardless 
I 
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of t h e i r  energy. Thus, it i s  impossible t o  reproduce the  energy 
dependent features  of the radiat ion b e l t s  without a geoelectr ic  
f i e l d .  The calculat ion by Maeda included an e l e c t r i c  f i e l d  but 
the app l i cab i l i t y  of h i s  r e su l t s  t o  the r e a l  magnetosphere i s  
l imited by the f a c t  t h a t  he used an undistorted dipole f i e l d  and 
used only the law l a t i t ude ,  quiet  day ionospheric current systems 
t o  obtain the e l e c t r i c  f i e l d .  
The uniqueness of the  model used i n  t h i s  work is  tha t  it 
includes both the e l e c t r i c  f i e l d  which drives the high l a t i t ude  
(auroral  zone) currents and a d i s tor ted  magnetic f i e l d .  
addi t ion t o  the d i s to r t ion  caused by the so l a r  wind impinging on 
the sunward boundary of t he  magnetosphere, the model magnetic f i e l d  
includes a current sheet i n  the magnetospheric t a i l .  The e f f ec t s  
of the  non-alignment of the magnetic dipole ax is  and the ro t a t iona l  
axis  have been neglected a s  have the deviations of the ea r th ' s  
f i e l d  from a dipole f i e l d  near the ear th .  The calculat ion of 
p a r t i c l e  motions i s  car r ied  out under the assumption t h a t  the t o t a l  
energy and the f i rs t  two adiabatic invariants  are  conserved. 
In 
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11. CALCULATIONS OF PARTICLE FLUXES 
I n  order t o  calculate  p a r t i c l e  fluxes it is  convenient t o  
calculate  the t r a j ec to r i e s  of individual pa r t i c l e s  and then t o  
invoke Liouvi l le ' s  theorem t o  calculate  the var ia t ion  of f luxes 
along these t r a j ec to r i e s  . The model magnetosphere presented by 
Taylor and Hones c19651 w a s  used t o  calculate  the t r a j ec to r i e s .  
(The current  sheet f i e l d  was reduced t o  20 7 and the e l e c t r i c  
f i e l d  was s l i g h t l y  modified i n  the present calculation. See Taylor 
[19661 f o r  de t a i l s . )  Figures 1 and 2 show the model f ie lds  used. 
The adiabatic theory used t o  calculate  the  individual pa r t i c l e  
paths was also described i n  the e a r l i e r  paper [Taylor and Hones, 
19651. 
longi tudinal  invariant,  J, f o r  pa r t i c l e s  having specif ied values of 
the  t o t a l  energy, K and t h e  magnetic moment p. This gave the motion 
of individual trapped par t ic les .  
The procedure followed was t o  calculate  surfaces of constant 
The relat ionship between these individual p a r t i c l e  paths and 
p a r t i c l e  fluxes was determined by the use of a Liouvi l le  theorem. 
Northrop and Teller [19601 show t h a t  i f  Q i s  the number density of 
pa r t i c l e s  on a given f i e l d  l ine  with given values of 1 and J, then 
Q obeys such a theorem. I n  a steady s t a t e  s i t ua t ion  then, Q i s  
constant on a longitudinal invariant surface. It can e a s i l y  be 
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shown t h a t  the  number density of pa r t i c l e s  having specif ied p, 
and K i s  given by 
2B n G, K, p) d3r dK d+~, = - Q d3r dK dp . 
V 
I I  
(See Northrop and Tel ler  [19601.) Here 
point i n  space, and v i s  the component of ve loc i ty  p a r a l l e l  t o  3 .  
Now the f l u x  of pa r t i c l e s  of the specif ied K and p, per u n i t  K, per 
uni t  p a t  p o s i t i o n ?  i s  given by: 
i s  the posi t ion of the 
j = nv. 
Thus 
j (f, K, p,) = 2B I- 
V 
11 
Q
I n  terms of the p i t ch  angle 0, the f lux  of p a r t i c l e s  per u n i t  K, 
per un i t  (3: a t  f i s  
j (f, K, a) = 4 WQ s i n  a, 
or a s  i s  measured by d i f f e r e n t i a l  s a t e l l i t e  detectors  the flux of 
pa r t i c l e s  per un i t  energy, per u n i t  so l id  angle a t  f is  
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Now if the  energy spectrum of the  pa r t i c l e s  i s  exponential, 
then 
-K/Ko 
Q a e  
(Q i s  c l e a r l y  invariant  on a longitudinal invariant  surface since 
K i s  invariant .  ) Then, 
The constant of proport ional i ty  i s  i n  general  a function of the  
other invariants  and gives the d i s t r ibu t ion  of p a r t i c l e  f lux  with 
J and p .  
A detector which samples a f ixed energy, W, (or a f ixed 
range of energies) w i l l  be sampling pa r t i c l e s  w i t h  a wide range of 
values of t h e  invariants  a s  it i s  moved from point t o  point i n  the 
magnetosphere. Thus, i n  order t o  ca lcu la te  the p a r t i c l e  fluxes,  
it i s  necessary t h a t  t he  d is t r ibu t ion  of pa r t i c l e s  with J and p, 
be known. I n  general  the experimental r e su l t s  cannot give a l l  the  
necessary information and fur ther  assumptions about the t o t a l  d i s -  
t r i bu t ion  of pa r t i c l e s  i n  J and p space m u s t  be made. 
If it can be assumed tha t  the  p a r t i c l e  d i s t r ibu t ion  i s  
independent of p (at. least. over the  range of p ' s  t o  which a 
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given detector responds) then t h e  necessary d i s t r ibu t ion  i s  obtained 
by measuring the  var ia t icn  of p a r t i c l e  i n t ens i ty  with l a t i t ude  a t  
a given longitude. This is the assumption used i n  t h i s  work fo r  
comparison with Injun 3 data .  
Injun 3 sampled a r e l a t i v e l y  small range of p ' s  with i t s  trapped 
p a r t i c l e  detectors .  Having made t h i s  assumption, it is  useful t o  
write the  expression f o r  the  f lux  of pa r t i c l e s  measured by a 
This assumption i s  reasonable because 
detector which responds t o  pa r t i c l e s  of a f ixed energy. 
( In  obtaining t h i s  expression it has a l so  been assumed t h a t  the 
p a r t i c l e  energy spectrum is exponential with an e-folding energy 
of KO.) 
The f lux  a t  a given point i n  the  magnetosphere was deter-  
mined i n  the following manner. F i r s t  the longi tudinal  invariant  
surface (surfaces) on which the detected p a r t i c l e s  a re  moving was 
determined from the posi t ion of  the detector,  t he  p a r t i c l e  p i t ch  
angles, and energies.  Then the f lux  desired i s  given by the f lux  
on t h i s  invar ian t  surface measured a t  a reference longitude m u l t i -  
where V- i s  the poten t ia l  of t he  p l ied  by the fac tor  e 
-9 (v-vo) /KO 
U 
invariant surface a t  t he  reference longitude. Although t h i s  
procedure was tedious i n  practice,  it i s  straightforward. 
Numerous s tudies  of pa r t i c l e  i n t e n s i t i e s  i n  t h e  rad ia t ion  
zones and t h e i r  var ia t ion  w i t h  l a t i t ude ,  l o c a l  t i m e ,  and a l t i t ude  
have been car r ied  out. The studies of par t icu lar  i n t e r e s t  i n  t h i s  
work are the  measurements of diurnal var ia t ions i n  outer zone 
e lec t ron  in t ens i t i e s .  
l a rge  diurnal  var ia t ion  i n  the high l a t i t u d e  boundary of trapped, 
>, 4.0 keV electrons.  Using the  Injun 1 s a t e l l i t e ,  t h i s  boundary was 
found t o  be roughly s i x  degrees higher i n  l a t i t ude  a t  l o c a l  noon 
than a t  l oca l  midnight ( - 75" a t  l oca l  noon; - 69" a t  l o c a l  mid- 
night) .  
E19641 using detectors on t h e  Alouette s a t e l l i t e .  More complete 
s tudies  of the  var ia t ion  o f  the in t ens i ty  versus l a t i t u d e  p ro f i l e  
f o r  e lectrons 2 40 keV were carried out using t h e  Injun 3 s a t e l l i t e  
and were reported by Frank e t  a l .  [1%41.  
O 'Br i en  E19631 was the  f i r s t  t o  report  a 
Similar results were obtained by McDiarmid and Burrows 
An indication of the dependence of the  diurnal  s h i f t s  i n  the  
outer  zone on e lec t ron  energy can be obtained from the  work of 
Williams and Palmer [19653. 
2 280 keV electrons t o  be - 3" between noon and midnight l oca l  t i m e ,  
again the pa r t i c l e s  being found ai; higher ia t l t l ides  dur lr i  the  daytime. 
A more complete analysis o f  thin energy dependence was made by 
They reported the  diurnal  s h i f t s  of 
Armstrong [1965] on an independent s e t  of observations. He shows 
t h a t  the higher energy electrons (We 2 230 keV) have s igni f icant ly  
smaller diurnal s h i f t s  than the lower energy ones, (We 2 40 keV). 
I n  t h i s  section we w i l l  be concerned with the comparison of pre- 
dictions based on the  model with observations made using detectors 
carr ied on the Injun 3 s a t e l l i t e .  
i n  two detectors measuring trapped electrons.  One was sensi t ive t o  
electrons with energies, W 
t o  electrons with We 2 230 keV. 
cones oriented perpendicular t o  the magnetic f i e l d  vector, s o  t h a t  
they were sensi t ive t o  par t ic les  whose p i tch  angles were 90" - + 13'. 
Specifically,  we w i l l  be interested 
4.0 keV and the  second was sensi t ive e 
These detectors had the i r  acceptance 
The s a t e l l i t e  orb i t  was such t h a t  the magnetic f i e l d  strength,  
B, varied a t  the s a t e l l i t e  over the range 0.2 <, B < 0.5 gauss. 
Since the energy spectrum i s  known t o  be f a l l i n g  r e l a t ive ly  rapidly 
with increasing energy, it i s  reasonable t o  assume t h a t  the low 
energy detector measured primarily electrons of - 50 keV while the 
higher energy detector measured pa r t i c l e s  of - 250 keV. The low 
energy detector was then measuring pa r t i c l e s  with p i n  the range 
100 < p < 250 keV/gauss while the higher energy detector measured 
pa r t i c l e s  with 500 < p < 1250 keV/gausa. 
the energy of the pa r t i c l e s  creating the response of the detectors 
- 
TMS assmptior, concerning - -  
14. 
i s  reasonable f o r  an exponential energy spectrum of the  form 
e 
f o r  the  higher energy detector.  
form W-' we require 7 >, 3 f o r  both detectors .  
do not f a l l  i n  these categories, higher energy pa r t i c l e s  w i l l  con- 
t r i b u t e  s ign i f i can t ly  t o  the  detector responses, and more de ta i led  
calculations must be made t o  accurately determine the electron 
fluxes measured. The approximation used here should give a reason- 
able estimate of the detector response fo r  the spectra encountered 
i n  the outer radiat ion zone. 
- 
if W < 25 keV fo r  the  l o w  energy detector and Wo < 100 keV 0 -  - 
For a power law spectrum of the  
For spectra  which 
The ac tua l  method used t o  pred ic t  the var ia t ions of p a r t i c l e  
fluxes with longitude was a s  follows. 
p a r t i c l e  in tens i ty ,  j (Bo, q0), which the detector w i l l  measure on 
the f i e l d  l i n e  specif ied by eo, cp,. 
appropriate values of the adiabatic invariants  fo r  the detected 
p a r t i c l e s .  For the  low energy detector it was assumed t h a t  the 
energy of the detected pa r t i c l e s  was 4.5 keV and t h a t  the magnetic 
f i e l d  s t rength a t  t h e  s a t e l l i t e  was 0.3 gauss. 
and K (eo, cp,) = 4.5 - V (Bo, cpo) keV. 
f o r  p = 150 keV/gaUss and the q p r o p r i a t e  K, the  longi tcdinal  
The aim was t o  pred ic t  the  
The f i r s t  s tep  was t o  determine 
Then p = 150 keV/gauss 
From the  computer calculat ions 
invariant surface on which the par t ic les  moved, J (Bo ,  cp,, K, p), 
was determined. From t h i s ,  the colat i tude a t  which the detected 
pa r t i c l e s  m u s t  have crossed the noon meridian could be found. 
This colat i tude w i l l  be writ ten as BN (eo,  cpo ) . 
mentally determined prof i le  of in tens i ty  versus colati tude i n  the 
Then an e q e r i -  
noon meridian plane, j (eN, 0), was introduced. 
observed by the detector on the specified f i e l d  l i n e  i s  then given 
The in t ens i ty  
by 
Here Vo i s  the poten t ia l  of the f i e l d  l i n e  emanating from a 
colati tude of €lN i n  the noon meridian. 
The method f o r  the higher energy detector i s  ident ica l  
except t ha t  the energy of the detected pa r t i c l e s  was assumed t o  be 
250 keV. Then p = 833 keV/gauss and K (eo, yo ) = 250 - v (eo, 'po) keV. 
The bas ic  assumptions made i n  the above methods may be simply 
s ta ted  as folluws: 
1. The p a r t i c l e  energy spectrum i s  exponential with an 
e-folding energy, KO. 
2. A l l  the  pa r t i c l e s  creating the detector response come 
from approximately the same colati tude a t  noon. 
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The f i rs t  assumption was primarily f o r  mathematical 
convenience. Experimenters commonly f i t  e i the r  an exponential 
curve (e-'/'o) or a power law curve (W-') t o  t h e i r  spectral 
measurements. 
a f e w  points  ( typ ica l ly  three  o r  four) ,  both curves s a t i s f a c t o r i l y  
f i t  the  data.  I n  these calculations the  mathematics would have 
been g rea t ly  complicated if a power law spectrum had been assumed. 
Since these measurements usuaily consis t  of only 
The second assumption can be j u s t i f i e d  empirically on the  
b a s i s  of t h e  individual pa r t i c l e  t r a j ec to r i e s  previously calculated.  
For the  l o w  energy detector,  the colat i tude of K = 45 keV, 
= 150 keV/ gauss pa r t i c l e s  a t  noon are compared t o  the  colat i tudes 
of the  other pa r t i c l e s  which contribute s ign i f i can t ly  t o  the  detector 
response. For e-folding energies l e s s  than about 25 keV, the major 
contribution t o  the detector response canes from pa r t i c l e s  having 
energies between 40 and 55 keV. 
range from - 100 keV/gauss t o  250 keV/gauss. 
the m a x i m u m  deviation of t he i r  posi t ion a t  noon from the  posi t ion of 
the K = 4.5, p = 150 pa r t i c l e s  were determined t o  be -0.8", +1.3". 
For most l i nes  i n  the  magnetosphere the deviation was much l e s s .  
n u s ,  within about 1" of l a t i t ude  the pa r t i c l e s  which proSuce the 
major pa r t  of the  flux do come from the  same f i e l d  l i n e  a t  noon. 
A s  mentioned e a r l i e r ,  the  p values 
For such pa r t i c l e s  
These r e su l t s  a r e  summarized in  Figures 3 and 4. 
the worst case o f  deviation and indicates that the assumption made 
is reasonable. 
Figure 4 shows 
Similar analysis f o r  the higher energy detector shows tha t  
the maximum deviation is  l e s s  than 0.5" for  electrons with energies 
between 230 and 280 keV and magnetic moments between 500 and 1000 
keV/gauss. 
c lear ly  displayed i n  Figures l i ke  3 and 4. 
These deviations are so small t h a t  they cannot be 
Because the var ia t ions of in tens i ty  with l a t i t ude  i n  the 
noon meridian a r e  not great  ( less  than a factor  of 2 per degree of 
la t i tude)  , the  assumptions made should lead t o  reasonably accurate 
resu l t s .  
i n  the middle of the  range of energies which make up the measured 
flux, much of the e r ror  f o r  the low energy detector made by neglecting 
the path differences f o r  electrons between 40 and 45 keV is of fse t  
by neglecting the path differences fo r  electrons between 45 and 55 keV. 
A similar  argument holds f o r  the higher energy detector. 
I n  addition, since the paths were calculated f o r  an energy 
I n  l i g h t  of the f a c t  that  the in t ens i ty  of outer zone 
electrons i s  observed t o  undergo changes of  an order of magnitude, 
the approximate results obtained using the method outlined above 
appear t o  be as accurate as  warranted i n  t h i s  s i tuat ion.  More 
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accurate calculations would not be expected t o  give much be t te r  
agreement with observations. 
The experimental resu l t s  with which the calculations a re  
compared were obtained using the Injun 3 s a t e l l i t e .  
first made with the r e su l t s  reported by Frank e t  a l .  [ I9641 and 
then with the more complete study by Armstrong [1%5]. 
[19641 drew contours of constant in tens i ty  f o r  trapped, We 2 40 keV 
electrons from in t ens i t i e s  measured during the 9 months of operation 
of Injun 3 .  
used for  j (ON, 0), and the in tens i t ies  a t  in te rva ls  of 30° i n  
longitude was calculated a t  every degree of l a t i t ude .  Then 
contours of constant in tens i ty  were drawn. The calculated points 
a re  shown together with the experimental curve i n  Figure 5. 
Comparison i s  
Frank e t  a l .  
The p ro f i l e  of  intensi ty  versus l a t i t ude  a t  noon was 
The more complete study of Injun 3 data by Armstrong 119651 
provides a more s t r ingent  t e s t  of the  model. H e  determined prof i les  
of median in tens i ty  of trapped electrons versus l a t i t ude  using a l l  
available Injun 3 data. These prof i les  were determined separately 
i n  each of four different  local time sectors f o r  two d i f fe ren t  
e lectron energy levels,  W > 40 keV and We 2 230 keV. e -  
i n t ens i ty  v s .  l a t i tude  prof i le  a t  noon is assumed t o  give j (e  
and an e-folding energy, 
If the 
o), N9 
i s  assumed, the l a t i t u d i n a l  prof i les  
KO, 
of i n t ens i ty  can be calculated i n  the  other longi tudinal  sectors .  
KO was taken t o  be 20 keV f o r  t he  > 40 keV electrons,  and KO = 100 keV 
was adopted fo r  t he  2 230 k e V  e lectrons.  
- 
The i n t ens i ty  prof i les  were calculated every 30" i n  longitude 
giving three in t ens i ty  predictions a t  each l a t i t u d e  i n  each of 
Armstrong's l o c a l  time sectors.  The median of these three values 
was taken t o  be the  in tens i ty  f o r  the  whole sector  a t  that l a t i t ude .  
"he resu l t ing  points  a r e  plot ted i n  Figures 6 and 7 against  
Armstrong's curves. 
The e r r o r  bars  shown in the upper left-hand corner of each 
p lo t  a re  the  estimated average e r ro r  introduced by a l l  fac tors  but 
become f o r  p r a c t i c a l  purposes j u s t  t he  uncertainty i n  the experi- 
mental median in t ens i t i e s  ( - fac tor  of 1.5) for the  v e r t i c a l  bars  
and an uncertainty of smewhat over .5" of l a t i t u d e  from the com- 
putat ional  approximations for the  horizontal  bars .  
Calculations were also car r ied  out for > 4.0 keV electrons 
N 
with e-folding energies o f  10 keV and 40 keV but a re  qual i ta-  
t i v e l y  t h e  same. For la t i tudes  above - 6 5 O ,  the  calculations w i t h  
K 
higher while calculations with KO = 4.0 keV gave in t ens i t i e s  
roughly one-half of those shown. 
the  2 230 keV electrons is  not c r i t i c a l  E O  long as  it is  2 70 keV. 
= 10 keV gave in t ens i t i e s  which were roughly a fac tor  of two 
0 
The e-folding energy chosen f o r  
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The apparent disagreement between predicted points and 
observed curves a t  low l a t i t udes  i s  probably due t o  a hardening of  
the spectrum i n  t h i s  region. 
by F r i t z  119641 using Injun 3 data. 
de ta i led  calculations including a numerical integrat ion of e lectron 
in t ens i ty  over energy are  required on each f i e l d  l i n e .  Such d e t a i l  
was not f e l t  t o  be warrznted. 
i n t e n s i t i e s  predicted a t  each longitude would not be g rea t ly  d i f fe ren t  
from the in t ens i ty  assumed a t  noon i f  the spectrum were s ign i f i can t ly  
harder i n  t h i s  region. 
Such a hardening has been indicated 
If t h i s  i s  the case, more 
One can say qua l i t a t ive ly  t h a t  the 
21 
V I .  PREDICTIONS BASED ON ME MODEL 
I n  the foregoing section, a comparison of calculations 
based on the model with experimental r e s u l t s  was described with the 
aim of establishing the  general v a l i d i t y  of the model. 
section calculations of as yet unmeasured features of pa r t i c l e  
motions w i l l  be discussed. I n  par t icu lar ,  the section includes 
calculations of the motion of electrons with energies of 10 keV 
and less ,  motion of electrons i n  the equatorial  plane, and the  
motion of trapped protons w i t h  energies l e s s  than about 500 keV. 
Scattered measurements of these quant i t ies  have been made, but 
I n  t h i s  
extensive measurements of the i r  s p a t i a l  var ia t ions have not been 
made yet.  Comparison of these calculated r e su l t s  with future 
experimental findings can thus be used t o  fur ther  determine the 
limits of the v a l i d i t y  of the assumptions made in these calculations.  
Unfortunately the model includes no specif ic  mechanisms fo r  
generating the pa r t i c l e s  which a re  measured. Par t ic le  fluxes can- 
not be predicted unless it i s  known how the pa r t i c l e s  are d is t r ibu ted  
i n  K, (L, and J. Thus, the prediction of pa r t i c l e  fluxes through- 
out the magnetosphere cannot be made u n t i l  suf f ic ien t  measurements 
have been made t o  determine the pa r t i c l e  dis t r ibut ion.  
of t h i s  feature,  predictions of unmeasured quant i t ies  must involve 
fur ther  assumptions. 
Because 
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If it were known how the fluxes of 10 keV electrons 
var ied with la t i tude ,  a l t i tude ,  and K a t  some longitude, it would 
be a simple matter t o  use t h e  methods described i n  the  previous 
sect ion t o  calculate  the  fluxes a t  other longitudes. If it i s  
assumed tha t  only p a r t i c l e s  with K > 0 exist i n  the  magnetosphere, 
the predictions shown i n  Figure 8 can be made fo r  low mirroring 
10 keV electrons.  
tudes i s  the  region where pa r t i c l e s  from outside the  magnetosphere 
may be found. 
becoming trapped i n i t i a l l y  near the  magnetospheric surface w i l l  
drift i n  longitude around the  magnetosphere once and be l o s t  out 
through the magnetospheric surface again. Thus, i n  t h i s  region 
the presence of  10 keV pa r t i c l e s  w i l l  be highly dependent on condi- 
t i ons  exter ior  t o  t h e  magnetosphere. 
The heavily cross-hatched region a t  high l a t i -  
These pa r t i c l e s  are not durably trapped, but  a f t e r  
It should be noted tha t  there  should be 10 keV electrons i n  
. a t  l e a s t  the nighttime portion (90" < 'po < 270') of the heavily 
cross-hatched region even i f  there  are no 10 keV electrons present 
i n  the  source region outside the  magnetosphere because the e l e c t r i c  
f i e l d  w i l l  accelerate lower energy pa r t i c l e s .  
agreement with the  rrieaameimnts of  F r i t z  and GwEett ,  115651 = 
see electrons > 10 keV a t  high l a t i t udes  on the night s ide o f  the 
This i s  roughly i n  
They 
magnetosphere with Injun 3 roughly where they are predicted t o  be 
by the model. 
pointed out is  t h a t  i t s  location i s  highly dependent on the configura- 
t i o n  of the e l e c t r i c  f i e l d .  It should change as  the  e l e c t r i c  
po ten t i a l  system changes. 
Another feature  of  t h i s  region which should be 
A f i n a l  point  which should be mentioned i s  t h a t  i f  there  are  
la rge  numbers of low energy ( 5 1 keV) p a r t i c l e s  entering the magneto- 
sphere near i t s  surface, then they should be found along t h e i r  drift 
paths with energies approximately equal t o  t h e i r  charge times the 
po ten t i a l  difference between the point a t  which they a re  detected 
and the magnetospheric surface. Forthcoming measurements of e lectron 
fluxes f o r  energies from 5 1 keV t o  - 10 keV should see t h i s  behavior 
e a s i l y  i f  it ex i s t s .  
The l i g h t l y  slashed region a t  lower l a t i t udes  i s  the region 
where durably trapped 10 keV electrons can be found mirroring a t  
0 . 3  gauss. 
these diagrams.) 
region i s  l imi ted  on the night s ide  by the r e s t r i c t i o n  t h a t  K be 
grea te r  than zero. 
the highest  l a t i t u d e  f o r  which 10 keV p a r t i c l e s  mirroring a t  0.3 gauss 
can dr i f t  cmple t e lg  armmd the ewth  withoat  being energized eo much 
(The region extends t o  l a t i t udes  below those s h m  i n  
The high l a t i t ude  boundary of t h i s  l i g h t l y  slashed 
On the day s ide  the high l a t i t u d e  boundary is  
2 4. 
t h a t  they mirror i n  the  atmsphere somewhere along t h e i r  path. 
Thus, the boundary would not be sharp as  indicated i n  the f igure,  
but should be smewhat l i k e  the high l a t i t u d e  boundary of the 
energet ic  pa r t i c l e s  i n  the outer rad ia t ion  zone. Because t h i s  
boundary depends upon the energization of t he  electrons,  it should 
change with changes i n  t h e  e l e c t r i c  f i e l d .  However, because these 
electrons take a few hours t o  drift around the  ear th ,  the fluctua- 
t i ons  in t h e  boundary would not be expected t o  follow the var ia t ions 
i n  the  e l e c t r i c  f i e l d  very f a i th fu l ly .  The contours of constant 
i n t ens i ty  within t h i s  region cannot be predicted i n  general without 
a knowledge of the  in tens i ty  var ia t ions from some l i n e  across the 
region. However, since there i s  a de f in i t e  loss mechanism act ing 
t o  l i m i t  the  poleward extent of  t h i s  region, the contours of constant 
i n t ens i ty  near t h i s  northern boundary should be approximately p a r a l l e l  
t o  the  boundary. 
The assumption K >  0 for  pa r t i c l e s  i n  the  magnetosphere i s  
equivalent t o  assuming t h a t  the energetic pa r t i c l e s  must or iginate  
outside the  magnetosphere, since they must have an energy greater  
than 0 a t  t h e  magnetospheric surface where V = 0. 
K = W > 0 and the  assumption t h a t  K i s  conser-ved i q l i e s  that K > 0 
Then a t  t he  surface 
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throughout the  magnetosphere. I f  pa r t i c l e s  could be accelerated 
from a r b i t r a r y  points  within the magnetosphere, then negative K's 
would be possible.  Protons could have K ' s  ranging down t o  the 
smallest  po ten t ia l  which ex is t s  i n  the  magnetosphere (i .e., l a rges t  
negative potent ia l )  and electrons could have K's down t o  minus the  
l a rges t  posi t ive poten t ia l .  If the r e a l  f ie lds  vary suf f ic ien t ly  
rap id ly  i n  time, then K w i l l  not be conserved and nothing can be 
sa id  about allowed and forbidden values of K .  Some of t h i s  uncertainty 
may a l s o  be resolved by forthcoming measurements of t h e  energy spectrum 
of pa r t i c l e s  i n  the  1 t o  10 keV range. If K i s  conserved, and 
p a r t i c l e s  cannot have K >  0, then i n  t h e  region where the  poten t ia l s  
a re  posi t ive no electrons should be seen with an energy less  than 
the  poten t ia l  of t h e  point of t h e  measurement. 
where the poten t ia l s  a r e  negative, no protons with energies less 
Similarly, i n  regions 
than minus the  po ten t i a l  should be found. This picture  w i l l  be 
complicated by the  temporal variations which e x i s t  i n  the  e l e c t r i c  
f i e l d ;  however, it should be  possible t o  answer the  questions posed 
above . 
The motion of electrons i n  t h e  equator ia l  plane i s  another 
quant i ty  which can 3e  con-reniently celctrlated on the  basis of the 
model. In t h i s  case, again a measurement of t he  fluxes as a function 
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of r a d i a l  distances a t  one longitude and a measurement of t he  
energy spectrum must be made before the  i n t e n s i t i e s  a t  other 
longitudes can be calculated.  Figures 9 and 10 show contours of 
constant i n t ens i ty  f o r  50 keV electrons and 10 keV electrons,  
respectively.  
night meridian plane was taken from the  report  by Frank [l$5]. 
The curves f o r  t h e  10 keV electrons were calculated assuming the 
For the 50 keV electrons the  in t ens i ty  i n  the  mid- 
same var ia t ion  of r e l a t ive  in t ens i ty  with r a d i a l  distance a t  mid- 
night l oca l  time. The energy spectrum f o r  both sets of pa r t i c l e s  
was assumed t o  be exponential with an e-folding enerQy of 20 keV. 
One point of i n t e r e s t  here i s  t h a t  on the day s ide  of t h e  
magnetosphere the  minimum B value i s  not i n  the  equator ia l  plane 
f o r  many of t h e  f i e l d  l i nes .  
equator ia l  plane beyond - 9 RE, there  a r e  two minima, one above 
the  equator ia l  plane and t h e  o ther  below it. 
t i m e  the  m a x i m u m  in t ens i t i e s  on a given f i e l d  l i n e  a re  expected t o  
For f i e l d  l i nes  which cross the 
Thus, during the  day- 
be found near the neutral  points ra ther  than i n  the equator ia l  
plane. 
It i s  a l so  in te res t ing  t h a t  on the  f i e l d  l i nes  swept back 
ever the polar cap by the  solar  wind, there i s  a l o c a l  minimum 
near the neutral  point .  Thus, although these f i e l d  l i n e s  extend 
f a r  down the t a i l  and cannot have pa r t i c l e s  bouncing back and 
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f o r t h  across the  equator ia l  plane on them, they can have pa r t i c l e s  
trapped near t h i s  minimum B region; and, thus, high inc l ina t ion  
s a t e l l i t e s  with apogees greater than about 10 R may f ind  a loca l  
maximum i n  the  in t ens i ty  near t h e  neutral  point even on f i e l d  
E 
l i nes  swept back in to  the magnetospheric t a i l .  I n  this  model the  
neutral  points  a re  a t  a rad ia l  distance of - 10 R 
l a t i t ude  of - 55" i n  t h e  noon meridian. 
and a magnetic E 
The l a s t  prediction t o  be discussed regards the  motion of 
protons with energies 5 500 keV. Because the r i g i d i t y  of protons 
is  much greater than tha t  of electrons having the  same k ine t i c  
energy, protons found durably trapped i n  the outer radiat ion zone 
are expected t o  have much lower energies than the electrons trapped 
i n  the  same region. A rough estimate of the maximum energy f o r  
s tab le  trapping i n  the  midnight meridian i s  shown i n  Figure 11. 
These curves were calculated by assuming t h a t  the pa r t i c l e  gyro 
radius i n  the equator ia l  plane of  t h e  model w a s  l e s s  than p Max 
where p was given by: Max 
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Here B is  the  f i e l d  o f t h e  current sheet and B i s  the  
cs  eq 
equator ia l  f i e l d  s t rength from the ear th ' s  dipole and i t s  image. 
The constant, C, was determined empirically from measured cutoffs 
of trapped 40 keV electrons and i s  presumably r e l a t ed  t o  t h e  thick- 
ness of t h e  current sheet.  A value of 6 km was used. 
These curves indicate  t h a t  i n  the midnight meridian trapped 
However, protons should be seen only a t  r e l a t i v e l y  low l a t i t udes .  
s ince the current sheet is primarily confined t o  the  magnetospheric 
t a i l ,  t h e  f i e l d  l i n e s  on the  sunward s ide of the  ear th  w i l l  be 
r e l a t i v e l y  smooth. 
trapped except f o r  f i e l d  l ines  which come within a f e w  gyro r a d i i  
of t h e  magnetospheric surface. Since the  f i e l d  l i n e s  on which 
these k i lovol t  protons a re  trapped a re  not s ign i f i can t ly  affected 
by t h e  current sheet, the  invariant surfaces f o r  the  higher ener@;y 
pa r t i c l e s  w i l l  be approximately a constant L s h e l l .  The lower 
energy pa r t i c l e s  w i l l  be affected by the e l e c t r i c  f i e l d .  
Kilovolt protons would be expected t o  be s tab ly  
A considera- 
t i o n  of the  poten t ia l  system i n  Figure 4 shows t h a t  such protons 
would be expected t o  be a t  t h e i r  lowest l a t i t udes  i n  t h e  afternoon. 
However, a t  these low la t i tudes ,  (< 6 5 " ) ,  t he  e l e c t r i c  f i e l d  i s  
r e l a t i v e l y  weak and would a f fec t  only t he  very low energy pa r t i c l e s ,  
( - 1 keV). Thus on the basis of t h i s  model it i s  expected t h a t  
ki lovol t  protons w i l l  be found durably trapped only a t  L 5 5 
a t  aU. longitudes, and t h a t  i n  the  steady s t a t e  s i tuat ion,  when 
temporal var ia t ions  are small, the d iurna l  var ia t ion  of proton 
in t ens i ty  should be small, - 1" of l a t i t u d e .  
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VII. SUMMARY AND CONCLUSION 
"he goal of t h i s  study has been t o  ca r ry  out quant i ta t ive 
calculations of the  motion of charged pa r t i c l e s  a t  high l a t i t udes  
and t o  cmpare the r e s u l t s  with experimentally measured quant i t ies .  
A quant i ta t ive comparison between measured and predicted 
electron fluxes in  the  outer radiation zone shms t h a t  these fluxes 
can be described by adiabatic theory i f  a d i s tor ted  magnetic f i e l d  
- and a magnetospheric e l e c t r i c  f i e l d  a re  included. 
fo r  the  geomagnetic f i e l d  includes the e f f ec t s  of  the  so l a r  wind 
pressure on the  sunward side of t h e  ear th  and the  e f f ec t s  of a 
neut ra l  sheet forming an extended magnetic t a i l  on the  an t i so la r  
side. These features  have been w e l l ,  though incompletely mapped 
out by satel l i te-borne experiments. The geoelectr ic  f i e l d  has not 
been measured direckly and i n  t h i s  work was deduced from ionospheric 
currents which have not been determined unequivocally themselves. 
I n  addition, the  ionospheric conductivit ies which must be known i n  
order t o  calculate  the e l e c t r i c  f i e l d  are highly uncertain. I n  
s p i t e  of t he  inaccuracy these uncertainties must introduce the 
motion of outer zone electrons calculated using t h e  node1 fields and 
the adiabatic assumptions produces var ia t ion  i n  the  outer zone 
e lec t ron  in t ens i t i e s  which are i n  good agreement with t h e  observed 
The model used 
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var ia t ions .  
predicts  the dependence of these var ia t ions  on p a r t i c l e  energy 
because it i s  only by including an e l e c t r i c  f i e l d  t h a t  an energy 
dependence can be created. 
It i s  especial ly  s ign i f icant  t h a t  the model cor rec t ly  
The agreement found between calculations and observations i s  
taken t o  imply t h a t  the assumptions made i n  the  calculations a re  
reasonable. Specif ical ly ,  the f a c t  t ha t  the model cor rec t ly  pre- 
d i c t s  t he  diurnal  var ia t ions o f  energet ic  e lectrons (W 2 230 keV), 
whose paths a re  only s l i g h t l y  affected by t h e  e l e c t r i c  f i e l d ,  
indicates  t h a t  t h e  model magnetic f i e l d  i s  a reasonable representa- 
t i o n  of t h e  r e a l  magnetic f i e l d .  
cor rec t ly  gives the much larger diurnal  var ia t ions  of lower energy 
electrons (W 2 40 keV) i s  evidence t h a t  the e l e c t r i c  f i e l d  used i s  
a reasonable representation of the  r e a l  magnetospheric e l e c t r i c  f ie ld ,  
a t  l e a s t  i n  a long t i m e  (yearly) average. 
t h a t  t he  calculations agree f o r  outer zone electrons indicates 
t h a t  the assumption of  adiabatic motion i s  reasonable fo r  these 
pa r t i c l e s .  
e 
The f a c t  t h a t  the  model a l so  
e 
I n  addition the  f a c t  
The picture  presented here i s  admittedly a s implif icat ion 
n f  t.he r e a l  magnetosphere. Several known features of  the r e a l  
magnetosphere have not been included i n  the model because it was 
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f e l t  t h a t  t h e i r  inclusion would create  complexity without in t ro-  
ducing much, if  any, physical  insight .  For example, t he  ea r th ' s  
i n t e rna l  f i e l d  was assumed t o  be purely dipolar while i n  a c t u a l i t y  it 
i s  known t o  contain higher order multipole terms. The inclusion 
of these terms a s  done by Mead [ 19641 and Williams and Mead [ 19651 
should increase the accuracy of t he  calculations.  The representa- 
t i o n  of the current sheet i s  highly simplified i n  these calcula- 
t ions ;  more accurate calculations might include t h e  f i e l d  of a 
specified,  physical  current dis t r ibut ion.  Also the  non-alignment 
of the geographic, geomagnetic, and so lar  e c l i p t i c  polar ax is  
should be taken in to  account. However, because of the  grea t  var i -  
a b i l i t y  and wide uncertainties i n  t h e  magnetospheric phenomena of 
i n t e re s t  the  inclusion of these de t a i l s  seems unwarranted. The 
main features  of i n t e re s t  i n  t he  r e a l  magnetosphere should manifest 
themselves i n  t h i s  simplified model. 
&e great  v a r i a b i l i t y  i n  the in te res t ing  features  of the  
magnetosphere appears i n  i t s e l f  t o  be an indicat ion tha t  there  a re  
many processes which a r e  not  understood a t  present which m u s t  
eventually be included i n  a complete understanding of the magneto- 
sphere. For inst.ance, t h e  pa r t i c l e  source and i t s  var ia t ions are 
almost completely unknown. The var ia t ions i n  the  so la r  wind and 
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geomagnetic disturbances caused by them require  much more study. 
The r o l e  of plasma i n s t a b i l i t i e s  i n  the magnetosphere i s  almost 
completely unknown although it would appear t h a t  they a re  almost 
cer ta in ly  important in geomagnetic phenomena. It i s  encouraging 
t h a t  some magnetospheric phenomena can be understood in terms 
of a simplified model such as this, and it i s  hoped t h a t  such a 
model will grow t o  include new fea tures  of t h e  magnetosphere as 
they become understood. 
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FIGURF, CAPTIONS 
Figure 1. The model magnetic f i e l d  and t h e  coordinate system 
used. The X and Z axes a re  shown labeled i n  units of 
ear th  r a d i i .  The Y axis is out of t h e  page. The 
e a r t h ' s  dipole moment and the  image a re  shown. The 
f i e l d  l i n e s  drawn are i n  the  noon-midnight meridian 
plane and are labeled with t h e i r  colati tude a t  the 
e a r t h ' s  surface. 
Figure 2. Equipotentials o f  t he  e l e c t r i c  f i e l d  assumed. The 
zero of t h e  potent ia l  system has been chosen t o  make 
t h e  magnetospheric surface have zero potent ia l .  Curves 
a r e  labeled i n  kilovolts.  Latitude c i r c l e s  a re  labeled 
with colat i tude i n  degrees. 
north pole. 
View is  from above the  
Figure 3 .  p dependence of d r i f t  paths fo r  individual electrons 
K = 40 keV. 
Energy dependence of drift  paths f o r  low energy ( - 40 keV) 
electrons.  
Figure 4 .  
40 
Figure 5. Comparison between experimental contours of constant 
in tens i ty  of trapped electrons,  We > - 40 keV from 
Frank e t  a l . ,  1964.3 and points  of constant i n t ens i ty  
predicted by model calculat ions.  
are labeled with median omnidirectional f luxes i n  
(particles/cm see) . 
Comparison between experimental i n t ens i ty  vs . colat i tude 
curves fo r  trapped electrons,  W > 40 keV, from Armstrong 
[ 19651 and points predicted by model calculat ions.  
Armstrong's curve from t h e  noon longi tudinal  sector 
i s  used t o  predict  t he  fluxes i n  the  other three longi- 
tudinal  sectors .  The results from a l l  four sectors  a re  
compared i n  the  lower r igh t .  
Same as  Figure 35 for  We 2 230 keV. 
Regions where, on t h e  basis  of the  model, 10 keV 
electrons a r e  expected t o  be found mirroring a t  0.3 
gauss. The cross hatched region is  where the  electrons 
from outside the magnetosphere will be found. 
slashed region i s  where durably trapped 10 keV electrons 
can be found. 
Experimental curves 
2 
Figure 6 .  
e -  
Figure 7. 
Figure 8. 
The 
Figure 9. Contours of constant d i rec t iona l  i n t ens i ty  of 50 keV 
electrons i n  the  equator ia l  plane calculated on the  
bas i s  o f  the  model. 
r a d i a l  distance a t  midnight was taken from Frank Cl9651. 
Curves are  labeled i n  (particles/cm 
The d i s t r ibu t ion  of i n t ens i ty  w i t h  
2 sec s t e rad ) .  
Figure 10. Similar t o  Figure 9 f o r  10 keV electrons.  The d is -  
t r i bu t ion  of in tens i ty  with r a d i a l  distance assumed a t  
midnight i s  the same as  f o r  t he  50 keV electrons i n  
Figure 9. 
An estimate of the cutoff l a t i t ude  a s  a function of 
p a r t i c l e  energy i n  the midnight meridian plane. 
Labels on the curves are  a r b i t r a r y  uni t s .  
Figure 11. 
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